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ki
Department of Physis, University of Alberta, Edmonton, Alberta, Canada T6G 2G7
We ompute the O
(
α2s
)
orretions to the dierential rate of the semileptoni deay b→ cℓνℓ at
the intermediate reoil point, where the c-quark mass and the invariant mass of the leptons are
equal. The alulation is based on an expansion around two opposite limits of the quark masses
mb,c: mc ≃ mb and mc ≪ mb. The former ase was previously studied; we orret and extend that
result. The latter ase is new. The smooth mathing of both expansions provides a hek of both.
We larify the disrepany between the reent determinations of the full NNLO QCD orretion to
the semileptoni b→ c rate, and its earlier estimate.
I. INTRODUCTION
Approximately one out of ve deays of the b-quark produes a c-quark aompanied by leptons. Those semileptoni
deays provide information about quark masses, the Cabibbo-Kobayashi-Maskawa (CKM) matrix element Vcb, as well
as properties of hadrons ontaining heavy quarks. In order to aess that information, measurements of the deay
probability and distributions are ompared with theoretial preditions that aount for radiative orretions, quark
masses, and non-perturbative eets of strong interations. Given that the strong oupling onstant at the mass-sale
of the b-quark is quite large, αs
(
q2 = m2b
) ≃ 0.2, and that the present unertainty in Vcb approahes the one-perent
level [1℄, it is important to determine the seond-order eets, O (α2s).
The full O (α2s) orretion to the deay rate was rst alulated in the limit of a massless produed quark (relevant
for the deay b → uℓνℓ) [2℄. Eets of the c-quark mass were known, until reently, only in the so alled Brodsky-
Lepage-Makenzie (BLM) approximation [3, 4℄, estimating the largest part of the seond order orretions using the
running of αs. The remaining, non-BLM orretions, are usually smaller and muh more diult to determine. They
were known only in three speial points of lepton kinematis: the zero reoil, where the leptons are emitted bak-to-
bak and the produed quark remains at rest [5, 6, 7℄; the maximum reoil, with the vanishing invariant mass of the
leptons [8, 9℄; and the intermediate reoil, where the invariant mass of the leptons equals that of the c-quark [10℄. In
the latter study, the information from all three points was used to estimate the O (α2s) orretion to the total deay
rate with a massive c-quark.
Very reently, two independent studies determined the full mass dependene of the non-BLM orretions: in [11℄, the
alulation was performed numerially for arbitrary quark masses, and in [12℄ an expansion around small mc/mb was
obtained analytially. The two methods are very dierent, with the former being more aurate at large, and the latter
at small mc, but they agree very well in the physially interesting region of mc = (0.25 . . .0.30)mb. Unfortunately,
the resulting non-BLM orretion disagrees almost by a fator of two with the estimate found in [10℄.
The goal of the present paper is twofold. First, we want to hek the intermediate-reoil expansion presented in [10℄.
Among the three kinematial points on whih the estimate [10℄ of the total orretion was based, the intermediate-
reoil is the only one not heked by an independent alulation. An expansion is onstruted from the opposite limit
than in [10℄: whereas there the expansion was around the zero-reoil limit, here we start from the vanishing mc, as
shown in Fig. 1. In addition, the old expansion around the zero-reoil limit is repeated and extended to higher orders.
Our seond goal is to larify the soure of the disagreement between the three-point estimate and the reent expliit
alulations.
Fig. 1 puts the present expansion in the ontext of the possible kinematis of a heavy to light quark deay, Q →
q + (W ∗ → ℓνℓ). Along the diagonal, the mass of the virtual W ∗ is equal to the light-quark mass. The arrow
originating from the zero-reoil line orresponds to the expansion done in [10℄ (and repeated in the present paper),
while the dashed arrow oming from the zero mass point orresponds to the expansion presented here for the rst
time. Ultimately, these expansions should give a onsistent value for the deay width Γ(b → cW ∗). It is related to
the dierential semi-leptoni width,
dΓ(b→ cℓνℓ)
dq2
=
GF
6π2
√
2M2W
q2Γ(b→ cW ∗)|m2(W∗)=q2 , (1)
where q2 is the invariant mass squared of the leptons, and Fermi onstant is GF =
√
2g2
w
8M2
W
.
2II. EXPANSION FROM ZERO MASS POINT
Using the intermediate-reoil relation mW∗ = mc, we here alulate the width as a series in ρ ≡ mcmb ≪ 1, and αs,
Γ(b→ cW ∗) = Γ0
[
X0 + CF
αs
π
X1 + CF
(αs
π
)2
X2 +O
(
α3s
)]
, (2)
where
Γ0 =
g2w|Vcb|2m3b
64πm2(W ∗)
. (3)
The tree-level and rst-order results X0,1 are known exatly [13, 14℄, and the present approah, desribed below, has
been tested with them up to O(ρ10),
X0 =
(
1− ρ2)√1− 4ρ2, (4)
X1 =
5
4
− π
2
3
+ ρ2
(
π2
3
− 5
4
− 9 ln ρ
)
+ ρ4
(
9 ln ρ− 15
4
)
+ . . . . (5)
To evaluate the O(α2s) orretions, we onsidered the imaginary parts of 39 three-loop self-energy diagrams with
massive propagators, suh as in Fig. 2, and used the optial theorem to alulate the deay width. To deal with the
two sales, mb and mc, we used the method of asymptoti expansion [15, 16℄. As an example of how this asymptoti
expansion is done, onsider the left hand diagram in Fig. 2. We onsider regions where eah loop momentum is either
hard, ∼ mb, or soft, ∼ mc, and Taylor expand the propagators so that in the end we only have to deal with single
sale diagrams as shown in Fig. 3. This method produed as many as 11 regions for a single topology. Expansions to
the desired order O(ρ10) required algorithm [17℄ for the un-fatorized three loop regions, (e.g. Region 1 in Fig. 3).
The seond order results an be separated into a sum of gauge invariant parts, eah with a dierent olor fator,
X2 = TR(NLXL +NSXS +NHXH) + CFXF + CAXA. (6)
In this expression, the Xi's are the gauge invariant parts in terms of ρ, NL is the number of quarks lighter than a
c-quark, NS and NH serve as markers to separate the c-quark and b-quark loop ontributions. CF =
4
3 , CA = 3,
and TR =
1
2 , are the appropriate olor fators in SU(3). The ontributions from a top quark loop are not onsidered
here beause they are suppressed by the ratio mb/mt and are negligible. Terms up to O(ρ10) have been alulated
ompletely analytially. Here we present the formulas for terms up to ρ4 to save spae, Eqs. (7, 8, 9, 10, 11), while
the numerial oeients of all terms are given in Table I.
XH =
12991
1296
− ζ3
3
− 53π
2
54
+ ρ2
[
89π2
54
− 137567
6480
+
13ζ3
3
]
+ ρ4
[
4π2
3
− 10081601
705600
− 23
840
ln ρ
]
, (7)
m / M
mW  * / M
Zero Recoil
W *,mW  *
q,m
Q,M
Figure 1: The kinemati region where the deay Q → qW ∗ is allowed. The solid arrows show known expansions while the
dashed arrow shows the expansion presented here. The deay width is also known analytially along the whole zero reoil line.
The dotted line orresponds to the deay width Q → qℓνℓ. The three irles along this line show known values oming from
the dierent expansions. In the ase onsidered in this paper, M = mb and m = mc.
3g
b
c
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Figure 2: A sample of the diagrams needed for the intermediate-reoil expansion presented here.
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|k1| ≫ mc, |k2| ≫ mc, |k3| ∼ mc [1]→ k21 , [2]→ k22 , [4]→ k21 +m2b
[6]→ k22 = [2], [8]→ (p− k2 − k4)2
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|k1| ∼ mc, |k2| ≫ mc, |k3| ≫ mc [2]→ k22 , [3]→ k23 , [4]→ k23 +m2b
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|k1| ∼ mc, |k2| ≫ mc, |k3| ∼ mc [2]→ k22 , [4]→ m2b , [6]→ k22,
[8]→ k24
Figure 3: The asymptoti expansion of a two-sale diagram used to integrate the left-hand diagram in Fig. 2. The dashed, thin
and thik lines orrespond to massless, soft-sale massive and hard-sale massive propagators respetively.
XS = ζ3 − 4
9
+
23π2
108
− ρ3π
2
4
+ ρ2
[
4
9
+
13
2
ln ρ− 3 ln2 ρ− ζ3 + 157π
2
108
]
− ρ3 25π
2
18
(8)
+ ρ4
[
1193
36
− 61
3
ln ρ+ 9 ln2 ρ− 16π
2
3
]
,
XL = ζ3 − 4
9
+
23π2
108
+ ρ2
[
13
2
ln ρ− 1
18
− 3 ln2 ρ− ζ3 − 77π
2
108
]
+ ρ4
[
865
72
− 34
3
ln ρ+ 6 ln2 ρ
]
, (9)
XA =
521
576
+
9ζ3
16
+
505π2
864
− 19π
2
8
ln 2 +
11π4
1440
− ρ2
[
1223
576
+
185
8
ln ρ− 33
4
ln2 ρ+
107ζ3
16
+
145π2
864
(10)
− 57π
2
8
ln 2 +
161π4
720
]
+ ρ3
2π2
3
+ ρ4
[
ln ρ
(
2027
48
− 23π
2
8
)
− 13391
288
− 33
2
ln2 ρ− 403ζ3
64
+
27π2
8
− 201π
2
32
ln 2− 31π
4
720
]
,
XF = 5− 53ζ3
8
− 119π
2
48
+
19π2
4
ln 2− 11π
4
720
+ ρ2
[
151ζ3
8
+
743π2
48
+ ln ρ
(
π2 − 75
8
)
− 27
2
ln2 ρ (11)
− 97
2
− 57π
2
4
ln 2− 127π
4
360
]
− ρ3 4π
2
3
+ ρ4
[
7145
288
+ ln ρ
(
25π2
12
− 329
24
)
+18 ln2 ρ+
547ζ3
32
− 83π
2
12
+
201π2
16
ln 2 +
19π4
72
]
.
For this expansion, we have used the MS denition of αs normalized at the pole mass mb.
4Table I: Numerial oeients of the expansion presented here to all orders alulated.
ρ0 ρ1 ρ2 ρ2 ln ρ ρ2 ln2 ρ ρ3 ρ4 ρ4 ln ρ ρ4 ln2 ρ ρ5 ρ6
XA −8.154 - 15.14 −23.12 8.25 6.580 −67.92 13.85 −16.5 77.64 −124.2
XF 3.575 - −4.887 0.4946 −13.5 −13.16 88.74 6.853 18 −155.3 262.4
XL 2.859 - −8.294 6.5 −3 - 12.01 −11.33 6 - −12.45
XS 2.859 −7.402 13.59 6.5 −3 −13.71 −19.50 −20.33 9 30.98 −13.50
XH −0.06360 - 0.2460 - - - −1.129 −0.02738 - - 1.656
ρ6 ln ρ ρ6 ln2 ρ ρ7 ρ8 ρ8 ln ρ ρ8 ln2 ρ ρ9 ρ10 ρ10 ln ρ ρ10 ln2 ρ
XA −96.19 14.17 270.6 −666.7 −235.6 40.01 973.0 −2327.3 −705.7 48.98
XF 38.03 −66.89 −541.3 1127.6 −41.98 −245.5 −1945.9 3771.9 −516.1 −733.0
XL 19.30 −6 - 18.39 35.59 −18 - 80.68 101.0 −76
XS 15.77 −12 64.15 −33.67 44.76 8 - −0.5973 151.8 34
XH −0.8866 - - 1.984 −0.2800 - - 4.494 0.5912 -
III. EXPANSION FROM THE ZERO-RECOIL LINE
An alternative way to ompute at the intermediate reoil is to expand around the zero-reoil limit where mc =
mW∗ =
mb
2 . The deay width parameterization in Eqs. (1,2), as well as the deomposition of the seond order
orretion into olor parts, Eq. (6), are still valid. For the purpose of the expansion around the zero-reoil limit, it is
onvenient to parameterize the dependene on the quark variable in terms of a new variable, β = 1 − 4ρ2, and pull
out its square root, thus dening new funtions ∆i,
Xi (ρ) =
√
β∆i (β) , i = 0, 1, 2, A, F, L, S,H.
The expansion around β = 0 was rst arried out in [10℄. Our purpose in this setion is to repeat that alulation,
extend it to higher powers in β, and make sure that the results math the expansion around the zero-mass point,
ρ = 0, presented in Setion II. The one-loop orretion in the β expansion reads
∆1 =
27
8
ln 2− 3 + β
(
25
8
ln 2 +
1
2
lnβ − 95
48
)
+β2
(
28
15
ln 2 +
7
15
lnβ − 13483
7200
)
+ β3
(
44
35
ln 2 +
11
35
lnβ − 143263
117600
)
.
In [10℄ the strong oupling onstant was normalized at the geometrial mean of the quark masses, αs(
√
mbmc), while
here we use αs(mb), in order to be able to math with the expansion around ρ = 0. Also, in [10℄, the c-quark and
b-quark loop ontributions were added together and denoted ∆H , while here we separate them. The b-quark loop
ontribution is denoted by ∆H and the c-quark by ∆S . For referene, the ∆S and ∆H terms are given in Eqs. (12, 13)
up to order β2 (both normalized with αs (mb)),
∆H =
509
48
+
999
32
R2 +
87
16
ln 2 +
337
64
ln2 2 +
75π2
128
(12)
+β
(
7937
864
+
1449
32
R2 +
275
144
ln 2 +
767
64
ln2 2 +
655π2
384
)
+β2
(
610309
51840
+
204969
2560
R2 +
59519
17280
ln 2 +
973327
46080
ln2 2 +
317957π2
92160
)
,
∆S =
361
96
− 621
256
R2 − 25
64
ln 2− 531
512
ln2 2− 1445π
2
3072
(13)
+β
(
433π2
3072
− 757
864
− 207
256
R2 − 91
576
ln 2− 1
3
ln 2 lnβ − 2579
1536
ln2 2
)
+β2
[
287639
414720
− 3243
20480
R2 +
1120967
691200
ln 2− 85913
73728
ln2 2− 51907π
2
442368
−
(
1
6
+
14
45
ln 2
)
lnβ
]
,
where R2 is obtained from [5℄ and has a numerial value of R2 ≈ −0.72964.
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Figure 4: A sample of the diagrams needed to alulate the expansion presented in [10℄ and updated here.
β0 β1 β1 ln β β1 ln2 β β2 β2 ln β β2 ln2 β β3 β3 ln β β3 ln2 β β4 β4 ln β β4 ln2 β
∆A −1.849 0.420 2.421 −0.458 −1.960 2.109 −0.428 −1.411 1.702 −0.288 −0.730 1.311 −0.218
∆F 1.762 −0.854 −0.440 - 0.015 −0.140 0.167 0.208 −0.650 0.256 0.442 −0.642 0.270
∆L 0.419 0.086 −0.982 0.167 0.576 −0.804 0.156 0.568 −0.712 0.105 0.257 −0.512 0.079
∆S 0.118 0.189 −0.231 - 0.215 −0.382 - 0.323 −0.384 - 0.257 −0.348 -
∆H −0.087 0.072 - - −0.045 - - −0.002 - - −5×
10−4
- -
β5 β5 ln β β5 ln2 β β6 β6 ln β β6 ln2 β β7 β7 ln β β7 ln2 β β8 β8 ln β β8 ln2 β
∆A −0.429 1.032 −0.176 −0.306 0.883 −0.147 −0.223 0.766 0.127 −0.174 0.682 −0.111
∆F 0.298 −0.670 0.264 0.189 −0.494 0.254 0.177 −0.493 0.242 0.122 −0.410 0.230
∆L 0.159 −0.413 0.064 0.110 −0.349 0.054 0.081 −0.304 0.0462 0.062 −0.269 0.041
∆S 0.191 −0.314 - 0.147 −0.285 - 0.117 −0.261 - 0.096 −0.241 -
∆H −1×
10−4
- - −5×
10−5
- - −2×
10−5
- - −1×
10−5
- -
Table II: Numerial oeients to all orders alulated for the updated expansion from the zero-reoil limit. The values have
been alulated using αs(mb).
While these hanges were arried out, an error was notied in the harge renormalization used in [10℄. In that
paper, αs was normalized at
√
mbmc. The error onsisted in using ve quark avors to run αs down to that sale,
instead of exluding the b-quark in the range between mb and
√
mbmc. This error originates in [6℄. We have orreted
for this in Eq. (12) and Table II.
To have proper mathing between the expansion in [10℄ and the expansion presented here, we also found that the
old expansion needed more terms than ould be obtained with the available omputing resoures in 1998. We have
updated the expansion to inlude analytial terms up to β8 as ompared to β4 previously. To arry out this alulation,
we used the same methods as the authors of [10℄. Instead of alulating the orretions using self-energy diagrams
and the optial theorem, we alulated eah seond-order deay diagram seperately. This required the alulation of
73 diagrams with zero, one or two loops and up to four-partile phase spae integrations, Fig. 4.
In this expansion, the loops have been integrated using the same methods desribed earlier. This lead to the
alulation of 14 regions with only one having an eikonal propagator [18℄. The numerial oeients of all terms that
have been alulated here are shown in Table II.
Fig. 5 shows how the updated expansion diers from the previous one and learly displays the need for the higher
order terms, at and below the physial value ρ ∼ 0.3.
In an attempt to aount for the higher order terms, the authors of [10℄ added a term to approximate the remainder
of the series equal to the produt of highest order term and
β
2(1−β) . This also gave an estimate of the error in their
alulation. For a value of ρ = 0.3 (β = 0.64) they found,
√
β∆2 = −4.72(14). (14)
With the extra terms we have alulated here and the orretions to the harge renormalization, this hanges to,
√
β∆2 = −4.45(1), (15)
where we have used the same method of estimating the error. With an error of ≈ 0.2%, we have suient auray
for omputing the full deay width Γ(b→ cℓνℓ) in the next setion.
Comparing the two expansions, around ρ = 0 and around ρ = 12 , as shown in Fig. 6, one an now see that all of
the dierent olour ontributions and thus the full α2s orretions agree very well.
6IV. ESTIMATE OF THE FULL CORRECTION TO THE SEMILEPTONIC DECAY RATE
A. Notation
So far in this paper we have been onerned with the deay of a b-quark into a c-quark and a virtual W -boson, at
the intermediate reoil where the masses of c and W ∗ are equal. We now want to use the results we have obtained,
together with previously obtained values at zero- and maximum-reoil to t the orretions to the deay b → cℓνℓ.
We follow the notation of [10℄,
dΓ(b→ cℓνℓ)
dq2
=
G2Fm
3
b |Vcb|2
96π3
[
ABorn +
αs(
√
mbmc)
π
CFA1 +
(αs
π
)2
CFA2
]
,
ABorn =
√
(1− ρ2 − q2)2 − 4ρ2q2 [(1− ρ2)2 + (1 + ρ2)q2 − 2q4] . (16)
In addition, we dene the orretions for the integrated deay rate,
Γ(b→ cℓνℓ) = G
2
Fm
5
b |Vcb|2
192π3
F (ρ)
[
1 +
αs(
√
mbmc)
π
B1 +
(αs
π
)2
B2
]
,
F (ρ) ≡ 1− 8ρ2 − 24ρ4 ln ρ+ 8ρ6 − ρ8. (17)
As we have already mentioned in the Introdution, the NNLO orretions A2 and B2 an be divided into the BLM
and the non-BLM parts,
A2 = TR(NLAL +NSAS +NHAH) + CFAF + CAAA
≡ ABLM +AnBLM,
ABLM ≡ AL
[
TR(NL +NS)− 11
4
CA
]
, (18)
and similarly for the integrated orretions B. All the funtions A in the Eq. (16) depend on two variables: the quark
mass ratio ρ and the invariant mass of the leptons
√
q2. The full dependene on these variables is not yet known. The
expansions suh as desribed in this paper and earlier studies determine A's along the sides and the bisetor of the
triangle shown in Fig. 1. Of partiular interest are their values along the vertial line orresponding to the physial
value of ρ ≃ 0.3, desribing the dierential deay rate dΓ(b→ cℓνℓ)/dq2. Ref. [10℄ used the three known points along
that line to t a polynomial and integrate Eq. (1) over q2, thus providing an estimate of the seond order non-BLM
orretions to the full semi-leptoni deay width,
BnBLMfit = 0.9(3). (19)
This numerial value is quoted from [11℄, where the author xed another mistake in [10℄, related to using the maximum-
reoil result. Reently, however, two alulations of the full deay width Γ(b→ cℓνℓ) [11, 12℄ gave
BnBLM = 1.73(4). (20)
0.1 0.2 0.3 0.4 0.5
-12
-10
-8
-6
-4
-2
√
β∆2
ρ
Figure 5: Seond order orretions expanded from the zero reoil line. The dashed line shows the expansion up to O(β4) while
the solid line shows the expansion up to O(β8). For the purpose of omparing with [10℄, this plot is made assuming αs(√mbmc)
is used in the NLO orretion.
7This setion is devoted to larifying the disrepany between these results.
For omparison purposes we use αs(
√
mbmc), Nf = 4, and ρ = 0.3 as in [10℄, where Nf refers to the number of
light quarks used to alulate the BLM ontributions. The authors of [11, 12℄ use a dierent set of parameters, to
whih we will return in setion IVD.
B. Eet of orreted oupling onstant normalization
A large part of the disrepany between Eqs. (19,20) is due to the inorret harge renormalization, as disussed
in Setion III. We have orreted this and realulated the non-BLM ontributions using the same tting method
desribed in [10℄. Analogously to Eq. (8) in [10℄, we introdue a new funtion of the lepton invariant mass q2 at xed
XL , Β
XS , Β
-10 XH , Β
0.1 0.2 0.3 0.4 0.5
Ρ
0.5
1.0
1.5
2.0
2.5
Quark loop ontributions
-XA , Β
XF , Β
0.1 0.2 0.3 0.4 0.5
Ρ
2
4
6
8
Abelian and Non-Abelian ontributions.
0.1 0.2 0.3 0.4 0.5
Ρ
-14
-12
-10
-8
-6
-4
-2
X2
Total O(α2s) orretion.
Figure 6: The mathing between the dierent olour ontributions and total X2 ontribution. The thik line orresponds to
the expansions presented here and the thin line orresponds to the updated expansion from the zero reoil line.
8quark-mass ratio ρ (we use ρ = 0.3). It is denoted ξ(q2) and dened as
ξ(q2) =
A2(q
2)−ABLM2 (q2)
ABorn(q2)
, (21)
The three available values of ξ(q2) at q2 = 0, m2c , and q
2
max = (mb −mc)2 are
ξ(0) = 1.26, ξ(m2c) = 1.27, ξ(q
2
max) = 0.19. (22)
These values have been obtained using results from [9℄, [10℄, and [6℄, with the b-quark harge renormalization terms
from [6, 10℄ orreted. Fitting these values to a funtion dened by,
ξ(q2) = a1q
4 + a2q
2 + a3, (23)
we integrate over q2 to nd a value for the non-BLM orretions. The values quoted in Eq. (22) are normalized to
the Born rate, ABorn, so the integral needed is analogous to Eq. (9) in [10℄,
BnBLMfit = CF
 q2
max
0 dq
2ABorn(q
2)ξ(q2)
 q2
max
0
dq2ABorn(q2)
. (24)
This integration, with the input from Eq. (22), gives BnBLMfit = 1.4(2). This agrees with Eq. (20) muh better than the
value given in Eq. (19). The error is estimated by performing the analogous t of the BLM orretions and omparing
the result to the exat value [4℄.
C. Eet of extending the expansion to higher orders in β
In setion IVB we have merely orreted the renormalization in the old results. In addition, using the results of the
two expansions in the present paper, we an obtain a more aurate input along the intermediate reoil line. Instead
of the value 1.27 in Eq. (22), this gives ξ(m2c) = 1.33. This is related to the shift indued by the higher-order terms,
illustrated in Fig. 5. There we see that the full orretion is less negative than previously assumed, thus the dierene
with the BLM orretion is more positive (larger). Sine the zero- and the intermediate-reoil points are lose to eah
other, even a small shift of the value at one of them may be amplied in the integral of the tted funtion.
After the integration in Eq. (24), this hange leads to the new value BnBLMfit = 1.5(2) whih now agrees with
Eq. (20). The error estimated by omparing with the BLM ase is about 12 per ent. By orreting the mistake in
renormalization and inluding more terms in the expansion from zero reoil, we have brought the disagreement from
about a fator of two down to ≈ 10 per ent, within the quoted error margins.
D. A better tting method
Further improvement is possible using a better method of tting the polynomial. In Eq. (21), we normalized the
points to the tree level result ABorn. We nd that, if this normalization is not done, i.e. instead we use,
ζ(q2) = A2(q
2)−ABLM2 (q2), (25)
the polynomial t gives a muh better estimate of the exat result. With this adjustment of the tting proedure, we
end up with a nal non-BLM estimate of BnBLM2 = 1.76(4), a signiant improvement. Without knowing the shape
of the dΓ(b → cℓνℓ)/dq2 urve, we annot say whether this is a numerial oinidene. We have also performed this
tting for the O(αs) orretions and BLM approximation. Both estimates give results that are within ≈ 3 per ent
of the exat known result and are more aurate than using an analog of Eq. (21) for the t.
In the more reent papers [11, 12℄ the authors use a dierent set of parameters for their alulations, namely
αs(mb), Nf = 3, and ρ = 0.25. For easy omparison, we have also alulated the non-BLM orretions with this
set of parameters. Using Eq. (25) for the tting proedure and the expansion about ρ = 0 presented here, we nd
BnBLMfit = 3.37(15), as ompared with the result of B
nBLM = 3.40(7) from [11℄.
9V. SUMMARY
To summarize: we have orreted an error in the strong oupling onstant normalization in the previous
intermediate-reoil expansion. We have extended that expansion to several higher orders in the parameter β, de-
sribing the dierene between mc and mb/2. We have onrmed the orretness of that expansion by onstruting
a new one, also along the intermediate-reoil diagonal but around its other end, orresponding to mc/mb → 0. This
analysis allowed us to re-evaluate the t of the dΓ(b → cℓνℓ)/dq2 urve based on the three kinematial points, and
remove the disagreement between the orretion to the total rate Γ(b → cℓνℓ) obtained from suh a t, and that
obtained from the diret four-loop alulations [11, 12℄. With this result, the full massive alulation of the O (α2s)
orretions to the semileptoni b-quark deay rate is onrmed.
Aknowledgments
This work was supported by Siene and Engineering Researh Canada.
Appendix A: CONTRIBUTIONS FROM b→ cccW ∗
The expansions used to obtain the maximum reoil point for our polynomial t were alulated in [8℄ and [9℄. The
two expansions agree very well exept for the region withmc <
mb
3 . This disrepany an be attributed to the omission
of the amplitude of b→ cccW ∗ from the expansion in [8℄. For ompleteness, we have alulated this ontribution for
both maximum reoil and intermediate reoil, as this expansion was also not inluded in [10℄. These expansions are
alulated as threshold expansions in terms of δ given by,
mc =
mb
3(4)
(1 − δ), (A1)
where the 3(4) indiates the fator used when alulating the maximum reoil, 3, or intermediate reoil, 4, expansion.
The methods used for both expansions are disussed in [19℄. This alulation relies on the ability to redue the four
partile phase spae integrals needed, into a produt of two partile phase spaes.
For the maximum reoil ase, the expansion has been alulated up to δ14, with the rst four terms given here,
Γ(b→ cccW ∗)mW∗=0 =
Γ0α
2
s
√
3δ6CFTR
5π
(A2)(
1 +
83
56
δ +
7
64
δ2 +
55
896
δ3 +
753
896
δ4 + . . .
)
.
For intermediate reoil, the expansion has been alulated up to δ9
√
δ,
Γ(b→ cccW ∗)mW∗=mc =
3Γ0α
2
sδ
3
√
δCFTR
140
√
2π
(A3)
(
1 +
535
108
δ − 137045
85536
δ2 +
175277863
13343616
δ3 + . . .
)
.
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